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Introduction QML BC GMM HT Summary

Dynamic Panel Model

Dynamic panel model with unobserved subject-specific effects
αi and lagged dependent variable yi ,t−1:

yit = λyi ,t−1 + x′
itβ + αi + uit

with |λ| < 1.
For notational convenience, we assume that yi0 (and xi0) are
observed. Otherwise, the model would only be defined for
time periods t = 2, 3, . . . , T .
By construction of the model, yi ,t−1 is correlated with αi .
The POLS and RE estimators are generally inconsistent for
fixed T (unless additional assumptions are imposed).
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Dynamic Panel Model

Model in deviations from with within-subject means:

∆̄yit = λ∆̄yi ,t−1 + ∆̄x′
itβ + ∆̄uit

When T is small, ∆̄yi ,t−1 = yi ,t−1 − ȳi is correlated with
∆̄uit = uit − ūi . The FE estimator is inconsistent.
Model in first differences:

∆yit = λ∆yi ,t−1 + ∆x′
itβ + ∆uit

∆yi ,t−1 = yi ,t−1 − yi ,t−2 is correlated with
∆uit = uit − ui ,t−1. The FD estimator is inconsistent.
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Dynamic Panel Model

We consider several potential solutions for dealing with the
inconsistency in fixed-T dynamic panel models:

Quasi-maximum likelihood estimation; Stata implementation:
xtdpdqml (Kripfganz, 2016),
Bias-corrected method of moments estimation; Stata
implementation: xtdpdbc (Kripfganz and Breitung, 2022),
Generalized method of moments estimation; Stata
implementation: xtdpdgmm (Kripfganz, 2019).
Two-stage estimation in the presence of time-invariant
regressors; Stata implementation: xtseqreg (Kripfganz,
2017).
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Dynamic Random-Effects Model

yit = λyi ,t−1 + x′
itβ + αi + uit

Assumption RE.A: Random Effects
E [αi |xi0, xi1, . . . , xiT ] = 0

Backward iteration of the dynamic model:

yit = λtyi0 +
t∑

s=1
λt−sx′

isβ +
t∑

s=1
λt−sαi +

t∑
s=1

λt−suit

The root cause of the inconsistency is the correlation of the
initial observations yi0 with αi .
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Dynamic Random-Effects Model

yit = λyi ,t−1 + x′
itβ + αi + uit

Assumption RE.X: Strict Exogeneity
E [uit |xi0, xi1, . . . , xiT , αi ] = 0

Assumption RE.E: Error Components

1 E [αiαj |X] =
{

σ2
α , i = j

0 , otherwise

2 E [uitujs |X,α] =
{

σ2
u , i = j , t = s

0 , otherwise

We continue to assume strict exogeneity of xit for the
moment, as well as the usual error components structure.
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Dynamic Random-Effects Model

yit = λyi ,t−1 + x′
itβ + αi + uit

Assumption RE.Y0: Initial Observations
E [αi |yi0, xi0, xi1, . . . , xiT ] = 0

By replacing assumption RE.A with RE.Y0, the correlation
between yi0 and αi is assumed away. The POLS and RE
estimators remain consistent (under assumptions RE.X and
RE.E, and the usual rank condition).

A sufficient condition for assumption RE.Y0 would be yi0 = 0
(or another constant) for all i .
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Random-Effects Quasi-Maximum Likelihood Estimator

yit = λyi ,t−1 + x′
itβ + αi + uit︸ ︷︷ ︸

eit

To work with a less restrictive assumption, we can consider a
linear projection for the initial observations:

yi0 =
T∑

s=0
x′

isξs + νi0 or yi0 = x̄′
isξ + νi0

Assumption REQML.Y0: Initial Observations
1 E [ν2

i0] = σ2
ν

2 E [νi0eit ] = ϕσ2
ν

Assumption REQML.Y0 allows for correlation between yi0 and
αi if ϕ ̸= 0.
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Random-Effects Quasi-Maximum Likelihood Estimator

yit = λyi ,t−1 + x′
itβ + αi + uit

With assumptions REQML.Y0, RE.X, and RE.E, and treating
αi , uit , and νi0 as if they were normally distributed, the joint
likelihood function for observations yi0, yi1, . . . , yiT conditional
on xi0, xi1, . . . , xiT can be constructed.

Maximizing the log-likelihood function yields the
random-effects quasi-maximum likelihood (REQML) estimator
proposed by Bhargava and Sargan (1983).
In addition to λ, β, σ2

α, and σ2
u, this requires estimation of the

nuisance parameters ξ, σ2
ν , and ϕ from assumption

REQML.Y0.
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Dynamic Fixed-Effects Model

yit = λyi ,t−1 + x′
itβ + αi + uit

If the subject-specific effects αi are allowed to be arbitrarily
correlated with xit , we need to apply a within-subject or
first-difference transformation:

∆̄yit = λ∆̄yi ,t−1 + ∆̄x′
itβ + ∆̄uit

or
∆yit = λ∆yi ,t−1 + ∆x′

itβ + ∆uit

The efficient QML estimator will be invariant to the chosen
model transformation (similar to the equivalence of the FE
and FDGLS estimators in the static model).
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Dynamic Fixed-Effects Model

∆yit = λ∆yi ,t−1 + ∆x′
itβ + ∆uit

Assumption FE.X: Strict Exogeneity
E [uit |xi0, xi1, . . . , xiT , αi ] = 0

Assumption FE.E: Homoskedasticity, No Pairwise Correlation

E [uitujs |X,α] =
{

σ2
u , i = j , t = s

0 , otherwise

Sebastian Kripfganz (2022) Linear Static Panel Data Models 11/67



Introduction QML BC GMM HT Summary

Fixed-Effects Quasi-Maximum Likelihood Estimator

∆yit = λ∆yi ,t−1 + ∆x′
itβ + ∆uit

To construct the likelihood function, we can consider again a
linear projection for the initial observations:

∆yi1 =
T∑

s=1
∆x′

isξs + νi1 or ∆yi1 =
T∑

s=0
x′

isξs + νi1

Assumption FEQML.Y0: Initial Observations
1 E [ν2

i1] = ωσ2
u

2 E [νi1∆uit ] =
{
−σ2

u , t = 2
0 , otherwise
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Fixed-Effects Quasi-Maximum Likelihood Estimator

∆yit = λ∆yi ,t−1 + ∆x′
itβ + ∆uit

The joint likelihood function for observations
∆yi1, ∆yi2, . . . , ∆yiT conditional on xi0, xi1, . . . , xiT follows
from assumptions FEQML.Y0, FE.X, and FE.E, and by
treating ∆uit and νi1 as if they were normally distributed.

Maximizing the (transformed) log-likelihood function yields the
fixed-effects quasi-maximum likelihood (FEQML) estimator
proposed by Hsiao, Pesaran, and Tahmiscioglu (2002).
In addition to λ, β, and σ2

u, this requires estimation of the
nuisance parameters ξ and ω from assumption FEQML.Y0.
Standard errors can be made robust to cross-sectional
heteroskedasticity (Hayakawa and Pesaran, 2015).
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Dynamic Fixed-Effects Model

∆̄yit = λ∆̄yi ,t−1 + ∆̄x′
itβ + ∆̄uit

Assumption BC.Y0: Initial Observations
1 E [yi0uit ] = 0
2 E [y2

i0] <∞

Nickell (1981) obtained an expression for the downward bias
of the FE estimator in the dynamic panel model under
assumptions FE.X, FE.E, and the hardly restrictive
initial-observations assumption BC.Y0.

The bias is more severe when λ is large. However, even if the
true value is λ = 0, estimating the model with a lagged
dependent variable will result in a downward bias of this
coefficient.
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Iterative Bias-Corrected Estimator

∆̄yit = λ∆̄yi ,t−1 + ∆̄x′
itβ + ∆̄uit

For notational convenience, let θ = (λ,β′)′.
Kiviet (1995) suggests an additive bias-corrected fixed-effects
(BCFE) estimator:

θ̂BCFE = θ̂FE − b(θ̂0)

with an estimate of the approximate bias b(θ̂0) obtained from
an initial consistent estimator θ̂0.
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Bias-Corrected Method of Moments Estimator

∆̄yit = λ∆̄yi ,t−1 + ∆̄x′
itβ + ∆̄uit

The inconsistency of the FE estimator manifests itself in a
violation of the first-order condition:

E
[

1
T

T∑
t=1

(
∆̄yi ,t−1

∆̄xit

)
eit

]
=
(
ψ
0

)

with eit = yit − λyi ,t−1 − x′
itβ and ψ ̸= 0.

The bias term ψ is a function of λ and σ2
u (and T ).

For estimation purposes, σ2
u can be concentrated out to obtain

ψ = ψ(θ) as a function of the regression coefficients.

Sebastian Kripfganz (2022) Linear Static Panel Data Models 16/67



Introduction QML BC GMM HT Summary

Bias-Corrected Method of Moments Estimator

∆̄yit = λ∆̄yi ,t−1 + ∆̄x′
itβ + ∆̄uit

Knowing the functional form of ψ, a consistent estimator can
be obtained by incorporating the bias into the moment
function:

mFE (θ) = 1
N

N∑
i=1

[
1
T

T∑
t=1

(
∆̄yi ,t−1

∆̄xit

)
eit −

(
ψi(θ)

0

)
︸ ︷︷ ︸

mFE ,i (θ)

]

such that E [mFE ,i(θ)] = 0.
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Bias-Corrected Method of Moments Estimator

∆̄yit = λ∆̄yi ,t−1 + ∆̄x′
itβ + ∆̄uit

The bias-corrected fixed-effects method of moments
(BCFEMM) estimator proposed by Breitung, Kripfganz, and
Hayakawa (2022) solves the minimization problem

θ̂BCFEMM = arg min
θ̂

mFE (θ̂)′mFE (θ̂)

Due to the nonlinearity of the bias function, the first-order
condition mFE (θ̂) = 0 is nonlinear in the coefficients. The
solution is obtained numerically with the recursive
Gauss-Newton algorithm.
Standard errors can be made robust to cross-sectional
heteroskedasticity. Robustness to time series heteroskedasticity
and (weak) cross-sectional dependence can be achieved if T is
large.
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Bias-Corrected Method of Moments Estimator

∆̄yit = λ∆̄yi ,t−1 + ∆̄x′
itβ + ∆̄uit

For the simple model with a single lag of the dependent
variable, the BCFEMM estimator is equivalent to the
bias-corrected estimator of Bun and Carree (2005).

The BCFEMM estimator can be generalized to models with
higher-order lags of the dependent variable. It also has the
advantage that standard error estimates can be obtained in a
straightforward way using asymptotic theory.

The BCFEMM estimator is also equivalent to the adjusted
profile likelihood estimators of Dhaene and Jochmans (2016).
By modifying the profile likelihood function, they arrive at the
same first-order condition.
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Bias-Corrected Method of Moments Estimator

yit = λyi ,t−1 + x′
itβ + αi + uit

Breitung, Kripfganz, and Hayakawa (2022) also lay out how
to construct a random-effects version of their bias-corrected
estimator under assumption RE.A. This is achieved by
augmenting the moment function with an orthogonality
condition for the untransformed regressors xit :

mRE (θ) = 1
N

N∑
i=1

[
1
T

T∑
t=1

∆̄yi ,t−1
∆̄xit
xit


︸ ︷︷ ︸

zit

eit −

ψi(θ)
0
0


︸ ︷︷ ︸

mRE ,i (θ)

]

Time-invariant regressors can be accommodated as well.
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Bias-Corrected Method of Moments Estimator

yit = λyi ,t−1 + x′
itβ + αi + uit

The bias-corrected random-effects method of moments
(BCREMM) estimator solves the minimization problem

θ̂BCREMM = arg min
θ̂

mRE (θ̂)′WmRE (θ̂)

W is a weighting matrix, which is needed because the model is
overidentified; that is, there are 1 + 2Kx moment equations for
only 1 + Kx coefficients.
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Bias-Corrected Method of Moments Estimator

yit = λyi ,t−1 + x′
itβ + αi + uit

While the BCREMM is consistent for any weighting matrix
W, a two-step procedure is needed for efficiency.

1 For the one-step BCREMM estimator θ̂BCREMM,1, a reasonable

choice is W =
(

1
NT
∑N

i=1
∑T

t=1 zitz′
it

)−1
, akin to a two-stage

least squares estimation.
2 The efficient two-step BCREMM estimator θ̂BCREMM,2 uses an

estimate of the moment function’s inverse variance-covariance
matrix from the one-step estimator,
W =

(
1
N
∑N

i=1 mRE ,i(θ̂BCREMM,1)mRE ,i(θ̂BCREMM,1)′
)−1

.
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Testing for Random Effects

yit = λyi ,t−1 + x′
itβ + αi + uit

The random-effects assumption RE.A can be tested with the
Hausman (1978) test by contrasting θ̂BCFEMM with θ̂BCREMM .
A (robust) regression-based Hausman test can be obtained as
a Wald test for H0 : ξ = 0 with the CRE approach by
projecting

αi = x̄′
iξ + ζi

and adding the within-subject means x̄i as regressors.
An asymptotically equivalent test is a Hansen (1982) test of
the Kx overidentifying restrictions imposed on the BCREMM
estimator.
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Generalized Method of Moments

yit = λyi ,t−1 + x′
itβ + αi + uit

The BCFEMM and BCREMM estimators are special cases of
a generalized method of moments (GMM) estimator, based
on a set of moment conditions

E [mi(θ)] = 0

mi(θ) is an L× 1 vector of non-redundant moment functions
with L ≥ 1 + Kx . The model is just-identified if L = 1 + Kx
and overidentified if L > 1 + Kx .
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Generalized Method of Moments

yit = λyi ,t−1 + x′
itβ + αi + uit

The GMM estimator minimizes a quadratic objective function
with weighting matrix W:

θ̂GMM = arg min
θ̂

m(θ̂)′Wm(θ̂)

The GMM estimator is invariant to the weighting matrix if the
model is just-identified.
The GMM estimator is generally consistent if the moment
conditions are correctly specified. For efficiency, W needs to be
chosen optimally such that it is a consist estimator of the
moment function’s variance-covariance matrix.
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Generalized Method of Moments

yit = λyi ,t−1 + x′
itβ + αi + uit

Under certain assumptions, an optimal weighting matrix W
can be found without relying on an initial estimator.
An efficient two-step GMM estimator θ̂GMM,2 estimates the
optimal weighting matrix from a consistent one-step GMM
estimator θ̂GMM,1:

W = W(θ̂GMM,2) =
(

1
N

N∑
i=1

mi(θ̂GMM,1)mi(θ̂GMM,1)′
)−1
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Generalized Method of Moments

yit = λyi ,t−1 + x′
itβ + αi + uit

The two-step GMM estimator can be sensitive to the choice
of the initial weighting matrix, which is often arbitrary.
The iterated GMM estimator θ̂IGMM re-estimates W until
convergence, as proposed by Hansen, Heaton, and Yaron
(1996) an re-examined by Hansen and Lee (2021):

W(θ̂GMM,j) =
(

1
N

N∑
i=1

mi(θ̂GMM,j−1)mi(θ̂GMM,j−1)′
)−1
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Generalized Method of Moments

yit = λyi ,t−1 + x′
itβ + αi + uit

As an alternative, Hansen, Heaton, and Yaron (1996)
proposed the continuously-updating GMM estimator θ̂CUGMM ,
which estimates the weighting matrix jointly with the
coefficients:

θ̂CUGMM = arg min
θ̂

m(θ̂)′W(θ̂)m(θ̂)

The CUGMM estimator can be computationally more
demanding. It requires numerical optimization even if all
moment functions are linear in the parameters.
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Regressor Exogeneity

yit = λyi ,t−1 + x′
itβ + αi + uit

So far, we maintained the strict-exogeneity assumption RE.X
or FE.X for the regressors xit . This is often too restrictive.
Let us allow for dynamic feedback, simultaneity, or other
violations of strict exogeneity:

xit = (x′
1,it , x′

2,it , x′
3,it)′ with cardinality Kx1, Kx2, and Kx3,

respectively

Assumption GMM.X: Exogeneity/Endogeneity
1 E [uit |x1,i0, x1,i1, . . . , x1,iT , αi ] = 0 (strict exogeneity)
2 E [uit |x2,i0, x2,i1, . . . , x2,it , αi ] = 0 (weak exogeneity)
3 E [uit |x3,i0, x3,i1, . . . , x3,i ,t−1, αi ] = 0 (endogeneity)
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Difference GMM Estimator

While we allow the regressors xit to be arbitrarily correlated
with the subject-specific effects αi , a model transformation is
required to remove the latter, such as first differences:

∆yit = λ∆yi ,t−1 + ∆x′
itβ + ∆uit

The model is defined for time periods t = 2, 3, . . . , T .

Assumption GMM.Y0: Initial Observations
E [yi0uit ] = 0
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Difference GMM Estimator

∆yit = λ∆yi ,t−1 + ∆x′
itβ + ∆uit

Assumption GMM.ES: No Serial Correlation
E [uituis ] = 0 for t ̸= s

Under assumptions GMM.X, GMM.Y0, and GMM.ES, valid
instrumental variables can be inferred from the following
moment conditions:

E [yis∆uit ] = 0 for s = 0, 1, . . . , t − 2
E [x1,is∆uit ] = 0 for s = 0, 1, . . . , T
E [x2,is∆uit ] = 0 for s = 0, 1, . . . , t − 1
E [x3,is∆uit ] = 0 for s = 0, 1, . . . , t − 2
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Difference GMM Estimator

∆yit = λ∆yi ,t−1 + ∆x′
itβ + ∆uit

Assumption GMM.Y0D: Initial Observations

E
[(

yi0 − αi
1−λ

)
∆uit

]
= 0

If we replace assumption GMM.Y0 with the slightly weaker
assumption GMM.Y0D, we can no longer use lagged levels of
the dependent variable as instruments but need to use lagged
differences:

E [∆yis∆uit ] = 0 for s = 1, 2, . . . , t − 2
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Difference GMM Estimator

∆yit = λ∆yi ,t−1 + ∆x′
itβ + ∆uit

Stacked moment functions under assumptions GMM.Y0,
GMM.ES, and GMM.X:

m∆,i(θ) = Z′
∆,i∆ui

such that E [m∆,i(θ)] = 0, with instrumental variables
Z∆,i = (Z∆,y ,i , Z∆,x1,i , Z∆,x2,i , Z∆,x3,i), where

Z∆,y ,i =


yi0 0 0 · · · 0 0 · · · 0
0 yi0 yi1 · · · 0 0 · · · 0

. . .
0 0 0 · · · yi0 yi1 · · · yi,T−2


←
←
...
←

t = 2
t = 3

...
t = T

and similarly for Z∆,x1,i , Z∆,x2,i , and Z∆,x3,i .
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Difference GMM Estimator

∆yit = λ∆yi ,t−1 + ∆x′
itβ + ∆uit

Under assumptions GMM.X, GMM.Y0, and GMM.ES (and
the usual rank condition), the difference GMM estimator is
consistent:

θ̂GMM∆ = arg min
θ̂

m∆(θ̂)′Wm∆(θ̂)

This is the estimator proposed by Arellano and Bond (1991).
Generally, a two-step/iterated/continuously-updating GMM
estimator is required for efficient estimation.
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Difference GMM Estimator

∆yit = λ∆yi ,t−1 + ∆x′
itβ + ∆uit

Assumption GMM.EH: Homoskedasticity and No Serial Correlation

E [uituis ] =
{

σ2 , t = s
0 , otherwise

If we replace assumption GMM.ES, which allows for
heteroskedasticity, by assumption GMM.EH, an efficient
one-step GMM estimator can be constructed with the optimal
weighting matrix W =

(
1
N
∑N

i=1 Z′
∆,iDD′Z∆,i

)−1
, where D is

the first-difference transformation matrix such that
∆ui = Dui .
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Robust Standard Errors

∆yit = λ∆yi ,t−1 + ∆x′
itβ + ∆uit

Robust standard errors can be obtained in the usual way.
In principle, those standard errors are robust to both
heteroskedasticity and serial correlation. However, serial
correlation of uit invalidates some of the instruments and turns
the estimator inconsistent.

Conventional two-step/iterated standard errors are biased in
finite samples due to the neglected sampling error in the
estimation of the optimal weighting matrix.

Windmeijer (2005) proposes a finite-sample correction for the
estimated variance-covariance matrix.
Lee (2014), Hansen and Lee (2021), and Hwang, Kang, and
Lee (2022) suggest doubly-corrected misspecification-robust
standard errors.
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Too-Many-Instruments Problem

∆yit = λ∆yi ,t−1 + ∆x′
itβ + ∆uit

The difference GMM estimator uses a large number of
instruments, which increases quadratically in T :

Kz = T (T − 1)/2 + Kx1(T + 1)(T − 1)
+ Kx2(T + 2)(T − 1)/2 + Kx3T (T − 1)/2

The model is severely overidentified; that is, Kz ≫ 1 + Kx .
Too many instruments can cause biased coefficient and
standard error estimates and weakened specification tests.
Instrument reduction approaches are discussed by Roodman
(2009) and Kiviet (2020).
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Too-Many-Instruments Problem

∆yit = λ∆yi ,t−1 + ∆x′
itβ + ∆uit

One instrument reduction approach is curtailing the lag order:

E [yis∆uit ] = 0 for s = t − c, . . . , t − 2
E [x1,is∆uit ] = 0 for s = t − c, . . . , T
E [x2,is∆uit ] = 0 for s = t − c, . . . , t − 1
E [x3,is∆uit ] = 0 for s = t − c, . . . , t − 2

for some c ≥ 2.
The instrument count still increases linearly in T .

Sebastian Kripfganz (2022) Linear Static Panel Data Models 38/67



Introduction QML BC GMM HT Summary

Too-Many-Instruments Problem

∆yit = λ∆yi ,t−1 + ∆x′
itβ + ∆uit

Another approach is collapsing the instrument matrices:

Z∆,y ,i =


yi0 0 · · · 0
yi1 yi0 · · · 0
...

...
. . .

...
yi,T−2 yi,T−3 · · · yi0


←
←
...
←

t = 2
t = 3

...
t = T

and similarly for Z∆,x1,i , Z∆,x2,i , and Z∆,x3,i .
For all t = 2, 3, . . . , T , this replaces the t − 1 moment
conditions E [yis∆uit ] = 0 by E

[∑t−2
s=0 yis∆uit

]
= 0.

The instrument count still increases linearly in T .
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Too-Many-Instruments Problem

∆yit = λ∆yi ,t−1 + ∆x′
itβ + ∆uit

Curtailing and collapsing can be combined. In the extreme
case of c = 2 (and for simplicity setting Kx = 0), this leads to
the just-identified instrumental variables estimator of
Anderson and Hsiao (1981) with instrument

Z∆,y ,i =


yi0
yi1
...

yi,T−2


The instrument count no longer increases with T .
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Testing for Serial Correlation

∆yit = λ∆yi ,t−1 + ∆x′
itβ + ∆uit

Assumption GMM.ES (no serial correlation) is crucial for the
validity of many moment conditions. We can apply serial
correlation tests which do not require strict exogeneity of the
regressors (including the lagged dependent variable).

Arellano and Bond (1991) suggest a test for serial correlation
of ∆uit at a specific order s: H0 : E [∆uit∆ui,t−s ] = 0 for some
s > 0.
Yamagata (2008) extends the test for the joint null hypothesis
of no serial correlation up to order q: H0 : E [∆uit∆ui,t−s ] = 0
for all 0 < s ≤ q.
Both tests are special cases of the portmanteau test proposed
by Jochmans (2020), which can be more powerful if T is small.
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Testing the Validity of the Overidentifying Restrictions

∆yit = λ∆yi ,t−1 + ∆x′
itβ + ∆uit

In just-identified models, the validity of the instruments is an
untestable assumption.
In overidentified models, the validity of the Kz − 1− Kx
overidentifying restrictions can be tested with a Hansen (1982)
test, still assuming that at least 1 + Kx instruments are valid.

The null hypothesis is that the overidentifying restrictions are
valid.
For the one-step estimator with optimal weighting matrix
under assumption GMM.EH, this is a version of the Sargan
(1958) test.
If assumption GMM.EH does not hold, the overidentification
test based on the inefficient one-step estimator is
asymptotically invalid. An efficient estimator is required.
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Testing the Validity of the Overidentifying Restrictions

∆yit = λ∆yi ,t−1 + ∆x′
itβ + ∆uit

For weakly exogenous regressors, the following moment
conditions are valid in addition to those for endogenous
regressors:

E [x2,i ,t−1∆uit ] = 0
The classification of regressors according to assumption
GMM.X can be tested with an incremental overidentification
test, as suggested by Eichenbaum, Hansen, and Singleton
(1988), which contrasts two estimators with and without the
instruments under investigation.

Incremental overidentification tests are only meaningful if the
less-restricted estimator is correctly specified.
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Testing the Validity of the Overidentifying Restrictions

∆yit = λ∆yi ,t−1 + ∆x′
itβ + ∆uit

An asymptotically equivalent alternative to the incremental
overidentification test is a generalized Hausman test
contrasting the two estimators with and without the moment
functions under investigation.
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Underidentification Tests

∆yit = λ∆yi ,t−1 + ∆x′
itβ + ∆uit

Underidentification is a violation of the rank condition due to
insufficient correlation of the instruments with the regressors.
Windmeijer (2021) highlights that underidentification tests are
overidentification tests in an auxiliary regression of any
endogenous variable on the remaining regressors:

∆yi ,t−1 = ∆x′
itψ + vit

with the same instruments Z∆,i as before.
The null hypothesis is that the model is underidentified.
Sanderson and Windmeijer (2016) propose closely related
weak-identification tests.
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Forward-Orthogonal Deviations GMM Estimator

Without strict exogeneity of the regressors, we cannot use the
within-subject transformation to remove the subject-specific
effects. However, we can consider deviations from the forward
means: −→

∆yit = λ
−→
∆yi ,t−1 +

−→
∆x′

itβ +
−→
∆uit

−→
∆yit =

√
T−t+1

T−t

(
yit − 1

T−t+1
∑T

s=t yis

)
,

−→
∆xit =

√
T−t+1

T−t

(
xit − 1

T−t+1
∑T

s=t xis

)
,

−→
∆uit =

√
T−t+1

T−t

(
uit − 1

T−t+1
∑T

s=t uis

)
,√

T−t+1
T−t is a scaling factor which ensures that

Var(uit) = Var(
−→
∆uit) under the homoskedasticity assumption

GMM.EH.
The model is defined for time periods t = 1, 2, . . . , T − 1.

Sebastian Kripfganz (2022) Linear Static Panel Data Models 46/67



Introduction QML BC GMM HT Summary

Forward-Orthogonal Deviations GMM Estimator

−→
∆yit = λ

−→
∆yi ,t−1 +

−→
∆x′

itβ +
−→
∆uit

Under assumptions GMM.ES, GMM.Y0, and GMM.X, the
following moment conditions can replace those used for the
first-differenced model:

E [yis
−→
∆uit ] = 0 for s = 0, 1, . . . , t − 1

E [x1,is
−→
∆uit ] = 0 for s = 0, 1, . . . , T

E [x2,is
−→
∆uit ] = 0 for s = 0, 1, . . . , t

E [x3,is
−→
∆uit ] = 0 for s = 0, 1, . . . , t − 1

The total number of instruments Kz remains unchanged.
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Forward-Orthogonal Deviations GMM Estimator

−→
∆yit = λ

−→
∆yi ,t−1 +

−→
∆x′

itβ +
−→
∆uit

Under the weaker initial-observations assumption GMM.Y0D
instead of GMM.Y0, the lagged levels of the dependent
variable can be replaced by deviations from the backward
means to retain valid instruments:

E [
←−
∆yis
−→
∆uit ] = 0 for s = 1, 2, . . . , t − 1

←−
∆yit =

√
t+1

t

(
yit − 1

t+1
∑t

s=0 yis

)
, similar to the deviations

from forward means.
This backward-orthogonal transformation of the instruments
has been proposed by Hayakawa (2009) and Hayakawa, Qi,
and Breitung (2019).
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Forward-Orthogonal Deviations GMM Estimator

−→
∆yit = λ

−→
∆yi ,t−1 +

−→
∆x′

itβ +
−→
∆uit

Stacked moment functions:

m−→
∆,i(θ) = Z′−→

∆,i
−→
∆ui

such that E [m−→
∆,i(θ)] = 0, with instrumental variables

Z−→
∆ ,i = (Z−→

∆,y ,i , Z−→
∆,x1,i , Z−→

∆ ,x2,i , Z−→
∆ ,x3,i), where

Z−→
∆ ,y ,i =


yi0 0 0 · · · 0 0 · · · 0
0 yi0 yi1 · · · 0 0 · · · 0

. . .
0 0 0 · · · yi0 yi1 · · · yi,T−2


←
←
...
←

t = 1
t = 2

...
t = T − 1

and similarly for Z−→
∆,x1,i , Z−→

∆ ,x2,i , and Z−→
∆ ,x3,i .
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Forward-Orthogonal Deviations GMM Estimator

−→
∆yit = λ

−→
∆yi ,t−1 +

−→
∆x′

itβ +
−→
∆uit

Under assumptions GMM.X, GMM.Y0, and GMM.ES (and
the usual rank condition), the forward-orthogonal deviations
GMM estimator is consistent:

θ̂GMM
−→
∆ = arg min

θ̂
m−→

∆(θ̂)′Wm−→
∆(θ̂)

This estimator was proposed by Arellano and Bover (1995).
As before, a two-step/iterated/continuously-updating GMM
estimator is generally required for efficient estimation.
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Forward-Orthogonal Deviations GMM Estimator

−→
∆yit = λ

−→
∆yi ,t−1 +

−→
∆x′

itβ +
−→
∆uit

If all available instruments are used without any instrument
reduction approach, then the one-step GMM estimator with
optimal weighting matrix under assumption GMM.EH is
invariant to the model transformation: θ̂GMM

−→
∆ = θ̂GMM∆.

The optimal weighting matrix under assumption GMM.EH for
θ̂GMM

−→
∆ is W =

(
1
N
∑N

i=1 Z′−→
∆ ,i

FF′Z−→
∆ ,i

)−1
, where F is the

forward-orthogonal deviations transformation matrix such that−→
∆ui = Fui .
The above invariance result only holds for balanced panel data.
When the panel data set is unbalanced with interior gaps,
θ̂GMM

−→
∆ retains more information than θ̂GMM∆.
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Nonlinear Moment Conditions

yit = λyi ,t−1 + x′
itβ + αi + uit︸ ︷︷ ︸

eit

Assumption GMM.ES (no serial correlation), is a necessary
condition for validity of some of the moment conditions. Ahn
and Schmidt (1995) suggest to exploit additional nonlinear
moment conditions under assumption GMM.ES (and
GMM.Y0 and GMM.X):

E [eiT ∆uit ] = 0 for t = 2, 3, . . . , T − 1

These additional moment conditions improve efficiency and
can help with potential identification problems due to weak
instruments if λ→ 1.
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Nonlinear Moment Conditions

yit = λyi ,t−1 + x′
itβ + αi + uit

Under the stronger assumption GMM.EH (homoskedasticity),
Ahn and Schmidt (1995) suggest to replace the previous
nonlinear moment conditions by

E [ēi∆uit ] = 0 for t = 2, 3, . . . , T

and additional linear moment conditions

E [yi ,t−2∆ui ,t−1 − yi ,t−1∆uit ] = 0 for t = 3, 4, . . . , T

A generalized Hausman test can be used to test assumption
GMM.EH versus GMM.ES.
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Nonlinear Moment Conditions

yit = λyi ,t−1 + x′
itβ + αi + uit

Chudik and Pesaran (2022) obtain an alternative set of
nonlinear moment conditions by replacing the
initial-observations assumption GMM.Y0 with the weaker
assumption GMM.Y0D (and by ruling out endogenous
regressors, Kx3 = 0):

E [∆uityi ,t−1 + u2
it + ui ,t+1∆yit ] = 0 for t = 2, 3, . . . , T − 1
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Nonlinear Moment Conditions

yit = λyi ,t−1 + x′
itβ + αi + uit

The nonlinear moment functions mnl ,i(θ) can be stacked
together with m∆,i(θ) or m−→

∆,i(θ):

m(θ) =
(

m∆,i(θ)
mnl ,i(θ)

)

With nonlinear moment functions, no closed-form solution
exists and the GMM estimator has to be obtained by numerical
optimization.
An optimal weighting matrix for one-step estimation does not
exist. A two-step/iterated/continuously-updating GMM
estimator is required for efficient estimation.
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System GMM Estimator

yit = λyi ,t−1 + x′
itβ + αi + uit

Assumption GMM.Y0S: Initial Observations
1 E [yi0uit ] = 0
2 E [∆yi1αi ] = 0

Assumption GMM.XC: Constant Correlation over Time
E [∆xitαi ] = 0

Blundell and Bond (1998) and Blundell, Bond, and
Windmeijer (2001) proposed these stronger assumptions to
deal with potential identification problems when λ→ 1 and
the often poor performance of the difference GMM estimator.
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System GMM Estimator

yit = λyi ,t−1 + x′
itβ + αi + uit︸ ︷︷ ︸

eit

Under assumptions GMM.Y0S, GMM.ES, GMM.X, and
GMM.XC, additional instrumental variables become valid for
the untransformed model:

E [∆yi ,t−1eit ] = 0
E [∆x1,iteit ] = 0
E [∆x2,iteit ] = 0

E [∆x3,i ,t−1eit ] = 0

Without curtailing or collapsing, further lags are redundant
when combined with those for the transformed model.
Nonlinear moment functions become redundant as well.
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System GMM Estimator

yit = λyi ,t−1 + x′
itβ + αi + uit

Assumption GMM.XU: Uncorrelated Subject-Specific Effects
E [xitαi ] = 0

Under assumption GMM.XU, the regressors (other than the
lagged dependent variable) are uncorrelated with the
subject-specific effects. This allows replacing the respective
instruments under assumption GMM.XC with stronger ones:

E [x1,iteit ] = 0
E [x2,iteit ] = 0

E [x3,i ,t−1eit ] = 0
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System GMM Estimator

The system GMM estimator arises from stacking the moment
functions for the transformed and untransformed model:

m(θ) =
(

m∆,i(θ)
ml ,i(θ)

)
=
(

Z′
∆,i∆ui
Z′

l ,iei

)

with instrumental variables Zl ,i = (Zl ,y ,i , Zl ,x1,i , Zl ,x2,i , Zl ,x3,i)
for the untransformed model, where

Zl ,y ,i =


0 0 · · · 0

∆yi1 0 · · · 0
0 ∆yi2 · · · 0

. . .
0 0 · · · ∆yi,T−1


←
←
←
...
←

t = 1
t = 2
t = 3

...
t = T

and similarly for Zl ,x1,i , Zl ,x2,i , and Zl ,x3,i .
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System GMM Estimator

yit = λyi ,t−1 + x′
itβ + αi + uit︸ ︷︷ ︸

eit

Alternative formulation of the stacked moment function,
recalling that ∆ui = Dui = Dei :

m(θ) =
(

Z′
∆,i∆ui
Z′

l ,iei

)
=
(

Z′
∆,iDei
Z′

l ,iei

)
=
(

D′Z′
∆,i

Z′
l ,i

)
ei = Z′

iei

The system GMM estimator (and the same is true for the
difference of forward-orthogonal deviations GMM estimator)
can be written as a level GMM estimator (Arellano and Bover,
1995).
In the presence of subject-specific effects αi , a
two-step/iterated/continuously-updating GMM estimator is
required for efficient estimation.
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Dynamic Hausman-Taylor Model

yit = λyi ,t−1w′
itβw + f ′

iβf + αi + uit

Partition xit = (w′
1,it , w′

2,it , f ′
1,i , f ′

2,i)′ with corresponding
coefficients β = (β′

w1,β′
w2,β′

f 1,β′
f 2)′. Let the time-invariant

regressors f1,i be a subset of the strictly-exogenous regressors
x1,it according to assumption GMM.X.

Assumption HTGMM.A: Subject-Specific Effects
E [w1,itαi ] = 0 and E [f1,iαi ] = 0

Assumption HTGMM.A is a special case of assumption
GMM.XU.
A necessary condition for identification of all coefficients is
Kw1 ≥ Kf 2 (in addition to sufficient correlation between w1,it
and f2,i).
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Two-Stage Identification Procedure

As an alternative to estimating all coefficients in a single stage
using GMM, Kripfganz and Schwarz (2019) propose a
two-stage procedure:

1 Using any consistent estimator (QML, BC, GMM), estimate
the coefficients λ and βw from

yit = λyi,t−1 + w′
itβw + ζi + uit

with ζi = f ′
iβf + αi .

2 Estimate the coefficients βf and βf 2 from

êit = f ′
iβf + νit

using GMM under assumption HTGMM.A, based on first-stage
residuals êit = λ̂yi,t−1 −w′

it β̂w . Standard errors need to be
corrected to account for the first-stage estimation uncertainty.
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Two-Stage Identification Procedure

yit = λyi ,t−1w′
itβw + f ′

iβf + αi + uit

The two-stage approach is generally less efficient than a
one-stage GMM estimator, but the first stage is robust to
misspecification at the second stage.
Instead of such a dynamic version of the Hausman and Taylor
(1981) model, a Mundlak (1978) correlated random-effects
approach can be applied either as a one-stage GMM version
or as a similar two-stage procedure.
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Summary

QML or BC estimators are very attractive and more efficient
than GMM estimators if all regressors besides the lagged
dependent variable are strictly exogenous.
GMM estimators can be very flexible regarding the imposed
assumptions, but they might suffer from weak instruments.
Another concern regarding the GMM estimator is its perceived
“black-box” characteristic. Seemingly innocuous modifications
to the estimator can lead to substantially different results in
the empirical practice. Consequently, there is a risk of
“p-hacking”.
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